Z. Zhou et al. proved that in a Teichmüller equivalence class, there exists an extremal quasiconformal mapping with a weakly non-decreasable dilatation. In this paper, we prove that in an infinitesimal equivalence class, there exists a weakly non-decreasable extremal Beltrami differential.
We say that µ is extremal in [µ] if µ ∞ = k 0 ([µ]) (the corresponding quasiconformal map f is said to be extremal for its boundary values as well), and uniquely extremal if ν ∞ > k 0 (µ) for any other ν ∈ [µ].
The cotangent space to T (S) at the basepoint is the Banach space Q(S) of integrable holomorphic quadratic differentials on S with L 1 −norm
In what follows, let Q 1 (S) denote the unit sphere of Q(S).
Two Beltrami differentials µ and ν in Bel(S) are said to be infinitesimally equivalent if S (µ − ν)ϕ dxdy = 0, for any ϕ ∈ Q(S).
The tangent space Z(S) of T (S) at the basepoint is defined as the quotient space of Bel(S) under the equivalence relation. Denote by [µ] Z the equivalence class of µ in Z(S). In particular, we use N (S) to denote the set of Beltrami differentials in Bel(S) that is equivalent to 0.
Z(S) is a Banach space and its standard sup-norm satisfies implies that µ = ν; otherwise, µ is called to be decreasable. The notion of non-decreasable dilatation was firstly introduced by Reich in [3] when he studied the unique extremality of quasiconformal mappings. A uniquely extremal Beltrami differential is obviously non-decreasable.
Let ∆ denote the unit disk {z ∈ C : |z| < 1} and T (∆) be the universal Teichmüller space. In [4] , Shen and Chen proved the following theorem.
Theorem A. For every quasiconformal mapping f from ∆ onto itself, there exist infinitely many quasiconformal mappings g in the Teichmüller equivalence class [f ] of T (∆) each of which has a non-decreasable dilatation unless [f ] contains a conformal mapping.
The author [5] proved that a Teichmüller class may contain infinitely many nondecreasable extremal dilatations. The existence of a non-decreasable extremal in a class is generally unknown.
In Otherwise, µ is called weakly non-decreasable. In other words, a Beltrami differential µ is called weakly non-decreasable if either µ is non-decreasable or µ is decreasable but is not strongly decreasable.
Let µ ∈ Bel(S). The definition that µ is a strongly decreasable dilatation in [µ] Z almost takes word-by-word from that µ is a strongly decreasable dilatation in [µ] with a weakly non-decreasable dilatation.
The goal of the paper is to prove the counterpart of Theorem B in the infinitesimal setting.
After doing some preparations in Section 2, we prove Theorem 1 in Section 3.
. Some preparations
Lemma 2.1. Let ν ∈ Bel(∆). Then for any given ǫ > 0, there exists some r ∈ (0, 1) and µ ∈ Bel(∆) such that
where ∆ r = {z ∈ ∆ : |z| < r}, r ∈ (0, 1) and U r = ∆\∆ r .
Proof. By Theorem 1.1 in [2] , there exists a unique function β(z), holomorphic in C\∆ r , such that
belongs to N (∆); namely,
To complete the proof of this lemma, it is sufficient to show that β| Ur ∞ < ǫ for small r > 0. We need to valuate |β(z)| for z ∈ U r . Let z ′ be the intersection point of the segment oz with the circle {|ζ| = r} and
. This lemma follows readily.
Throughout the paper, we denote by ∆(ζ, r) the round disk {z : |z − ζ| < r} (r > 0). Lemma 2.2. Suppose that µ ∈ Bel(∆). Let α ∈ Bel(∆). Then for any ζ ∈ ∆ and ǫ > 0, there exists ν ∈ [µ] Z and a small r > 0 such that ν| ∆\∆(ζ,r) ∞ ≤ µ ∞ + ǫ and
In particular, ν vanishes on ∆(ζ, r) when α = 0.
Proof. Choose sufficiently small ρ > 0 such that the disk D = {|z − ζ| < ρ} is contained in ∆. Restrict µ on D. Applying Lemma 2.1 to D, we can find some small r ∈ (0, ρ) and χ ∈ N (D) such that χ = α − µ on ∆(ζ, r) and χ ∞ < ǫ on D\∆(ζ, r). Put
Then ν ∈ [µ] Z and ν = α in ∆(ζ, r). It is clear that ν| ∆\∆(ζ,r) ∞ ≤ µ ∞ + ǫ.
. Proof of the main result
Theorem 1 follows from the following generalized theorem immediately.
Then then there is a weakly non-decreasable dilatation ν in U .
Proof. A part of technique of the proof is taken from [6] . We use it in a refined way. If χ is a weakly non-decreasable dilatation, then ν = χ is the desired weakly nondecreasable dilatation. Otherwise, χ is strongly decreasable. By definition, there exists a Beltrami differential η ∈ U such that (1) |η(z)| ≤ |χ(z)| for almost all z ∈ ∆, (2) there exists a small round disk ∆(z ′ 0 , s ′ 0 ) ⊂ ∆ and a positive number δ > 0 such that
and η ′ (z) = 0 on some small disk ∆( It is obvious that Λ 0 ⊂ U and χ ′ 0 ∈ Λ 0 . If α ∈ Λ 0 , let ρ 0 (α) = sup{r : α(z) = 0 on some ∆(ζ, r) ⊂ ∆}.
Although by a lengthy argument as done in the proof of Theorem 1 in [6] , we can prove the claim that the second sup can be replaced by max, we actually need not to use the claim. The proof in [6] could have been simplified without the claim. One will see how it is below.
We proceed with the construction of a sequence of Beltrami differentials {χ n } in U . n = 0) Choose χ 0 ∈ Λ 0 such that ρ 0 (χ 0 ) ≥ r 0 := ρ 0 2 and χ 0 (z) = 0 on some ∆(z 0 , r 0 ) ⊂ ∆. If χ 0 is a weakly non-decreasable dilatation, then ν = χ 0 is the desired weakly non-decreasable dilatation. Otherwise, χ 0 is strongly decreasable. By definition, there exists a Beltrami differential η 0 ∈ U such that (1) |η 0 (z)| ≤ |χ 0 (z)| for almost all z ∈ ∆, (2) there exists a small round disk ∆(z ′ 1 , s ′ 1 ) ⊂ ∆ and a positive number δ 0 > 0 such that
. Let Λ 1 denote the collection of α ∈ [µ] Z with the following conditions: (a) |α(z)| ≤ |χ 0 (z)| a.e. on ∆, (b) there exists some small disk ∆(ζ, r) ⊂ ∆\∆(z 0 , r 0 ) such that α(z) = 0 on ∆(ζ, r).
It is obvious that Λ 1 ⊂ U and χ ′ 1 ∈ Λ 1 . If α ∈ Λ 1 , let ρ 1 (α) = sup{r : α(z) = 0 on some ∆(ζ, r) ⊂ ∆\∆(z 0 , r 0 )}.
If χ 1 is a weakly non-decreasable dilatation, then let ν = χ 1 . Otherwise, χ 1 is strongly decreasable. By definition, there exists a Beltrami differential η 1 ∈ U such that (1) |η 1 (z)| ≤ |χ 1 (z)| for almost all z ∈ ∆, (2) there exists a small round disk ∆(z ′ 2 , s ′ 2 ) ⊂ ∆ and a positive number δ 2 > 0 such that
It is obvious that Λ 2 ⊂ U and
n → n + 1) If we can choose a weakly non-decreasable dilatation χ n ∈ Λ n , then let ν = χ n . Otherwise, proceeding as above, we find four sequences, {χ n ∈ U }, {Λ n ⊂ U }, {ρ n ∈ (0, 1)}, {∆(z n , r n ) ⊂ ∆} (r n = ρn 2 ) as follows. χ n ∈ Λ n satisfies ρ n (χ n ) ≥ r n := ρn 2 and χ n (z) = 0 on some ∆(z n , r n ) ⊂ ∆\(
Λ n+1 is the collection of α ∈ [µ] Z with the following conditions: (a) |α(z)| ≤ |χ n (z)| a.e. on ∆, (b) there exists some small disk ∆(ζ, r) ⊂ ∆\(
Since χ n is not a weakly non-decreasable dilatation in U , Λ n+1 is not void by the foregoing reason. If α ∈ Λ n+1 , let
It is clear that
By the *-weak compactness, there exists a subsequence of {χ n }, still denoted by {χ n }, which converges to a limit ν ∈ Bel(∆) in the *-weak topology, that is, for any φ ∈ L 1 (∆),
We have
for all φ ∈ Q(∆) and hence ν ∈ [µ] Z . On the other hand, since χ n converges to ν in the *-weak topology, it follows by the standard functional analysis theory that
Claim. ν ∈ U and ν is a weakly non-decreasable dilatation. Firstly, by the inductive construction, we see that |χ n+1 (z)| ≤ |χ n (z)| a.e. on ∆. So we have (3.3) |ν(z)| ≤ lim n→∞ |χ n (z)|, a.e. z ∈ ∆.
Since each χ n belongs to U and χ n (z) = 0 on B n , we have ν ∈ U and ν(z) = 0 on B by (3.3) . Secondly, we show that ν is a weakly non-decreasable dilatation. Suppose to the contrary. Then there exists a Beltrami differential η ∈ U such that (1) |η(z)| ≤ |ν(z)| for almost all z ∈ ∆, (2) there exists a small round disk ∆(ζ, r ′ ) ⊂ ∆ and a positive number δ ′ > 0 such that |η(z)| ≤ |ν(z)| − δ ′ , for almost all z ∈ ∆(ζ, r ′ ).
Since ν(z) = 0 on B, it forces that ∆(ζ, r ′ ) ⊂ ∆\B. Applying Lemma 2.2 for η on ∆(ζ, r ′ ), we can find a Beltrami differential ν ′ ∈ U and some small disk ∆(ζ, r) ⊂ ∆\B (r < r ′ ) such that ν ′ (z) = 0 on ∆(ζ, r ′ ) ∪ B. It is obvious that ν ′ belongs to ∞ n=0 Λ n . However, by (3.1) it contradicts the choice of χ n . The claim is proved, so is the theorem.
